A good compromise between the resistive model and the PIC model is Aristotelian electrodynamics, which can include the back-reaction of the radiative photons onto particle motion and allow for a local dissipation where the force-free condition is violate. We study the dissipative pulsar magnetosphere with Aristotelian electrodynamics where particle acceleration is fully balanced by radiation. The expression for the current sheet is defined by introducing a pair multiplicity. The 3D structure of pulsar magnetosphere is then presented by solving the time-dependent Maxwell equations using a pseudo-spectral algorithm. It is found that the dissipative magnetosphere approaches the force-free solution and the dissipative region is more restricted to the current sheet outside the light-cylinder (LC) as the pair multiplicity increases. The spatial extension of the dissipative region is self-consistently controlled by the pair multiplicity. Our simulations show the high magnetospheric dissipation outside the LC for the low pair multiplicity.
INTRODUCTION
Pulsars are rapidly rotating and highly magnetized neutron stars, which lose their rotational energy through the electromagnetic radiation. They can produce the broadband electromagnetic spectrum throughout the entire electromagnetic spectrum from the radio to γ-ray bands. The radiation from these objects is thought to originate from the high-energy particles accelerated by unscreened electric fields. The accelerated high-energy particles flow along the open field lines and produce the synchrotron, curvature, and inverse Compton radiation. The Fermi Gamma-Ray Space Telescope launched in 2008 has open a new perspective on the pulsar physics with more than 100 detected gamma-ray pulsar (Abdo et al. 2010 (Abdo et al. , 2013 . The Fermi observations provides the valuable information about pulsar light curves, phaseaveraged spectra and phase resolved spectra. However, it is still unclear where the particles in the magnetosphere are accelerated and how their radiation is produced. This requires us to have a deeper understanding of the precise pulsar magnetosphere. In fact, the particle accelerations in the magnetosphere are associated with the magnetosphere electrodynamics, which requires a self-consistent calculation of the Maxwell equations by including particle dynamics and radiation to model the global pulsar magnetosphere. The modeling of pulsar magnetospheres have achieved significant progress over the last decade.
The vacuum dipole field is the first solution of the global pulsar magnetosphere, which is widely used as the pulsar background field and the radiation modelling in the early stage of pulsar study. The advantage of the vacuum dipole model is that an exact analytical solution is available and is known as Deutsch (1955) solution. The standard gap models including the polar cap (e.g., Ruderman & Sutherland 1975; Daugherty & Harding 1982) , the slot-gap (SG) (e.g., Dyks & Rudak 2003; Dyks et al. 2004; Muslimov & Harding 2004) , and the outer-gap (OG) (e.g., Cheng et al. 1986; Zhang & Cheng 1997; Cheng et al. 2000) models are based on this field structure. Such gap models have achieved great successes on the pulsar radiation modeling (e.g., Watters el al. 2009; Romani & Watters 2010; Pétri 2019a ). The vacuum model does not take into account the effects of the current on the magnetosphere structure. In fact, the magnetospheric current will significant change the field structures outside the light cylinder(LC). Therefore, the vacuum solution is not a real pulsar model. The pulsar magnetosphere is filled with plasma created by pair cascades (Goldreich & Julian 1969) . When the density of plasma is enough high, any accelerating electric fields is shorted out so that the condition E · B = 0 holds everywhere. This is referred to as the force-free electrodynamic and corresponds to the zeroth order approximation of the plasma-filled magnetosphere. The force-free solution has recently been achieved with the development of the numerical method. The first numerical solution to the force-free magnetosphere for an aligned rotator is found by Contopoulos et al. (1999, hereafter CKF) . The CKF solution consists of the open and closed field lines inside the LC and an equatorial current sheet outside the LC. The axisymmetric forcefree solution was further explored by the time-dependent simulations by several groups (e.g., Komissarov 2006; McKinney 2006; Timokhin 2006; Yu 2012; Parfrey et al. 2012; Pétri 2016; Cao et al. 2016a; Etienne et al. 2016; Carrasco et al. 2018) . These time-dependent simulations also confirmed the closed-open CKF solution with an equatorial current sheet outside the LC. Spitkovsky (2006) firstly present the three-dimensional (3D) structures of the force-free pulsar magnetosphere for the oblique rotator. The 3D force-free solution was further studied based on different numerical algorithm by several groups (Kalapotharakos & Contopoulos 2009; Pétri 2012; Tchekhovskoy et al. 2013; Cao et al. 2016b) . They reproduced the closed-open CKF solution with an equatorial current sheet extending to several LC. In fact, the force-free solutions are dissipationless by definition, meaning that they does not allow any particle acceleration and production of radiation in the magnetosphere. Therefore, the force-free solution is also not a true pulsar model.
The realistic pulsar magnetosphere should have some dissipation regions to allow for the particle acceleration. The dissipative pulsar magnetosphere with plasma resistivity have been explored by Li et al. (2012) , Kalapotharakos et al. (2012a) and Cao et al. (2016b) . The resistive model usually requires a macroscopic conductivity parameter to define the current density and control the accelerating electric field. The introduction of a finite conductivity can span the magnetospheric solutions from the vacuum to force-free field. The resistive pulsar magnetospheres are also used to predict the pulsar light curves and energy spectrum (Kalapotharakos et al. 2014; Brambilla et al. 2015; Kalapotharakos et al. 2017; Yang et al. 2019) . These studies revealed that the particle acceleration and high-energy emission is produced near the current sheets. Recently, particle-in-cell (PIC) methods with the self-consistent feedback between particles and fields are used to model the pulsar magnetosphere (Philippov & Spitkovsky 2014; Chen & Beloborodov 2014; Belyaev 2015; Cerutti et al. 2015; Philippov et al. 2015; Kalapotharakos et al. 2018; Brambilla et al. 2018 ) and predict the pulsar light curves (Cerutti et al. 2016; Philippov & Spitkovsky 2018; Kalapotharakos et al. 2018 ). However, the PIC simulation can not adjust the particle energy to the realistic γ-ray emitting particle energy.
Another way to introduce the dissipation in the magnetosphere is to use the radiation reaction limit, which is also called as Aristotelian electrodynamics. The radiation reaction limit have been used to model the pulsar magnetosphere (Gruzinov 2013; Contopoulos et al. 2016; Pétri 2019b) . Contopoulos et al. (2016) explored the radiative magnetospheres based on radiative magnetospheres for an oblique rotator. However, they did not include the current density along the magnetic field. This description can not reflet the real Aristotelian electrodynamics. Recently, Pétri (2019b) presented the structure of radiative pulsar magnetospheres by including the full current description but only for the axisymmetric rotator. Recently, an alternative derivation of the particle velocities in the equatorial current sheet is also presented which turns out to be equivalent to the Aristotelian prescription (Contopoulos et al. 2019) . In this paper, we study the dissipative pulsar magnetosphere with Aristotelian electrodynamics for the oblique rotator. We present the 3D structure of the dissipative pulsar magnetospheres by a pseudo-spectral method. The paper is organized as follows: In section 2, we describe the model of Aristotelian electrodynamics. In section 3, we present the results from our simulation. Finally, a brief discussion and conclusions are given in section 4.
ARISTOTELIAN ELECTRODYNAMICS
The time-dependent Maxwell equations are
where J is the current density and ρ e is the charge density. The time-dependent Maxwell equations can solved by implementing a prescription for the current density J.
Pulsar magnetospheres are loaded with electron/positron pairs. These particles can be accelerated to relativistic energy by unscreened accelerating field and radiate photons in all wavelengths. These photons have a back-reaction onto the particle motion and make the particles brake in a direction opposite to their motion. It is expected that the particle acceleration and radiation can reach a stationary balance in the magnetosphere, which is called radiation reaction limit or Aristotelian electrodynamics. In Aristotelian electrodynamics, the radiation reaction have a different way to electrons and positrons. The velocity for two types of particles can be described by the local electromagnetic field (Finkbeiner et al. 1986; Gruzinov 2013 
Where the two signs correspond to positrons and electrons, they move at the speed of light in the magnetosphere. The quantities B 0 and E 0 is defined by the Lorentz invariants
where B 0 and E 0 are the magnetic and electric field in the frame in which E and B are parallel. The quantity E 0 is the effective accelerating electric, which is zero when E · B = 0. The current density can be derived by equation (5) as
Where ρ 0 = ρ + + ρ − is the total charge density. Equation (7) is not a form of Ohms law, we need to give a description for the total charge density ρ 0 . We define the current density by introducing the pair multiplicity κ as
When the pair multiplicity κ = 0, the current density is exactly consistent with the one given by Gruzinov (2013) . In fact, there are no unique prescription for the current density since we only know the total charge density ρ 0 ≥ |ρ e |. Therefore, we guess the total charge density as (1+κ) |ρ e | by introducing the pair multiplicity κ. It is noted that the current density that we used in equation (8) is different from that of Pétri (2019b) . We also obtain a similar result for the aligned rotator by using the current density given by Pétri (2019b) .
A current sheet appears in the magnetosphere for the force-free electrodynamics, which is captured by enforcing the condition E = B in the regions where E > B. However, This condition does not naturally come from the force-free equations and is artificially imposed to avoid the drift current to become superluminal. There is no reason to require that E ≤ B in the current sheet. Moreover, the force-free approximation can not allow for any dissipation and thus preclude the possibility of particle acceleration and the pulsed emission in the magnetosphere. This impossibility comes from the force-free condition E · B = 0. We should leave the force-free description to accommodate the acceleration of particle and the production of radiation in the magnetosphere. In fact, the Aristotelian electrodynamics can allow for a local dissipative region where E > B . To explore the dissipation in the region where E > B, we enforce the force-free condition in the region where E ≤ B. This makes the magnetic field lines close and forms a death zone within the LC.
RESULT
We use a pseudo-spectral method to solve the timedependent Maxwell equations with our new prescription for the current density. A set of the spectral collocation points are used to discretize the electromagnetic field in spherical coordinates (r, θ, φ). A Chebyshev expansion is used in the radial coordinate r and a vector spherical harmonic expansion is used in the angle coordinates (θ, φ). The divergencelessness of magnetic field is analytically enforced by a projection method. A spectral filter in all directions is used to reduce aliasing errors and Gibbs oscillation. We use a third-order Adam-Bashforth integrator to advance the solutions at each time step. For a detailed description about the pseudospectral algorithm, see Cao et al. (2016a) and Cao et al. (2016b) . We initialize the magnetic field to an oblique vacuum dipole with magnetic inclination angle α = {0 • , 30 • , 60 • , 90 • }. The inner boundary condition is enforced at the stellar surface with a rotating electric field E = −(Ω × r) × B/c. A non-reflecting boundary condition is implemented to avoid the inward reflection from the outer boundary. The computational domain is set to r ∈ (0.2 − 3) r L . A good accuracy can be obtained with a typical resolution of N r ×N θ ×N φ = 128×32×64 . We performed several simulations with the dissipative magnetospheres for the pair multiplicity κ = {0, 1, 3}. We evolve the system for several rotational periods so that a final steady solution can be reached.
We show the structure of magnetic field lines and the distribution of the accelerating electric field E 0 in the xz plane for an aligned rotator with the pair multiplicity κ = {0, 1, 3} in figure 1. Inside the LC, the field lines is similar and insensitive to the κ value, since there is no dissipation as E < B within the LC. When κ = 0, the field lines close well beyond the LC and are more similar to an aligned dipole field. Outside the LC, we observe an extended E 0 distributions where E > B along the equator. As the pair multiplicity κ increases, the features of the force-free solution start appearing, the field lines open gradually and become more radial beyond the LC, an equatorial current starts forms ouside the LC. We also observe that the E 0 regions decreases with increasing pair multiplicity and are more restricted to only near the equatorial current sheet outside the LC for a moderate pair multiplicity κ 1. For comparison, we also show the magnetic field lines and the E 0 distributions for the pair multiplicity κ = 0 by implementing the AE formulation everywhere in figure 2. The field structure is similar to the "device" found by Gruzinov (2014) with a co-rotation zone, a force-free zone and a dissipative zone. We see an extended E 0 distribution near the co-rotation zone within the LC. A strong E 0 region also exists along the equator outside the LC. This result is different from the previous obtained one in figure 1. It is noted that the separatrix return currents are absent in Aristotelian electrodynamics when κ = 0 , which is very different from the force-free one. A similar result is also found by Contopoulos et al. (2016) . We show the normalized Poynting flux L/L aligned as a function of radius r for an aligned rotator with different pair multiplicities in figure 3. We see that the Poynting flux increases with increasing pair multiplicity and approaches the force-free solution for high κ value inside the LC. We observe a significant dissipation outside the LC. About 40% of the Poynting flux is dissipated for the pair multiplicity κ = 0 within 3 r L . The dissipative rate decreases with increasing κ value and decreases to ∼ 20% for the force-free solution. The dissipated energy is converted into particle acceleration and radiation in the dissipative region. Our results are similar to those of the PIC simulation with an increase of particle injection rate .
The global magnetospheric structures for the oblique rotator are very similar to the aligned one. We show the structure of magnetic field lines and the distribution of the accelerating electric field E 0 in the x-z plane for a 60 • rotator with the pair multiplicity κ = {0, 1, 3} in figure 4. As the pair multiplicity κ increases, the field struc- ture tends to the force-free solution with a equatorial current sheet outside the LC. We observer a dissipative region where E > B outside the LC. The spatial extension of the dissipative region decreases with increasing pair multiplicity and the E 0 region is more confined to the equatorial current sheet outside the LC as the pair multiplicity κ increases. In fact, the E 0 distribution for the high κ solution is qualitatively similar to the FIDO one (sse, e.g., Kalapotharakos et al. 2014; . We also compare the field structures for κ = 0 with Fig. 1 of Contopoulos 2016 for α = 0 • and α = 60 • respectively. We find that the field structures are qualitatively very similar to those of Contopoulos et al. (2016) . For comparison, we also show the magnetic field lines and the E 0 distributions for a 60 • rotator with the pair multiplicity κ = 0 by implementing the AE formulation everywhere in figure 5. The magnetospheric structure is very similar to the aligned one with a forcefree zone bounded by a radiation zone. We observe a strong E 0 distribution inside the LC, which is very different with those in the slot-gap and outer-gap model. A strong E 0 region with E > B also appears outside the LC. We show the distributions of magnetic field lines and the accelerating electric field E 0 in the x-z plane for a 30 • rotator with the pair multiplicity κ = 3 in figure 6. We see that the field structure is very close to the forcefree one and the E 0 region is restricted to only near the current sheet outside the LC for this high κ value. We also show the normalized Poynting flux L/L aligned as a function of radius r for a 90 • rotator with different pair multiplicities in figure 7 . We see that the Poynting flux increases with increasing κ values and approaches the force-free solution for the high κ value. Our simulation shows more than 1% dissipation rate outside the LC for a 90 • dissipative rotator. A similar dissipation rate is also found by the PIC simulation for the aligned and perpendicular rotator . In fact, the spectral numerical methods present an unphysical dissipation beyond the light cylinder due to discontinuity in the current sheet. A higher resolution is necessary to catch the discontinuity in the current sheet and reduce the unphysical dissipation.
DISCUSSION AND CONCLUSIONS
In this paper, we study the dissipative pulsar magnetosphere with Aristotelian electrodynamics where particle acceleration is fully balanced by radiation. We define the current sheet as a form of the Ohm's law by introducing a pair multiplicity. We then present the 3D structure of pulsar magnetosphere by solving the timedependent Maxwell equations using a pseudo-spectral algorithm. We find that the dissipative magnetosphere tends to the force-free solution and the dissipative region is more confined to only near the equatorial current sheet for a moderate pair multiplicity κ 1. The spatial extension of the dissipative region is self-consistently controlled by the pair multiplicity. In fact, our results are in qualitative agreement with those of the recent PIC simulation.
The force-free model can not allow for any dissipation in the magnetosphere. Realistic pulsar magnetosphere should allow for a local dissipation in the magnetosphere to accommodate the acceleration of particle and the pro-duction of radiation. The resistive model can produce the magnetic dissipation by relaxing the force-free condition. However, there are no back-reaction of emission onto particle dynamics in the resistive model. The recent PIC method attempts to model pulsar magnetospheres by including the self-consistent feedback between particle motions and electromagnetic fields. The present PIC codes cannot catch all the physics from macroscopic scales to microscopic scales. A good compromise between the resistive model and PIC model is Aristotelian electrodynamics, which includes the backreaction of the emitting photons onto particle motion and allows for the dissipation where the force-free conditions is violated. In fact, the accelerating electric field distribution from our simulation is very similar to that of the PIC simulation with increasing particle injection in the magnetosphere . Our simulation shows a higher magnetic dissipation for the low pair multiplicity and a lower magnetic dissipation for the high pair multiplicity in the aligned rotator, which is similar to those found in the PIC simulation with particle injection only from the stellar surface and abundant particle injection in the whole magnetosphere (Philippov & Spitkovsky 2014; Chen & Beloborodov 2014; Cerutti et al. 2016) . In fact, it is too restrictive and ad hoc for imposing a charge density by a pair multiplicity. We will solve a full set of the AE equations by including the charge continuity equation with the pairs injection based on the spectral method in the near future. The pulsar γ-ray data from Fermi observation can be used to constrain the dissipative regions and radiation mechanisms in the magnetosphere. In the next step, we use the presented dissipative solution to model pulsar γ-ray light curves and energy spectrum. We expect this study to enhances our understanding of the physical mechanisms behind the high-energy emission in pulsar magnetospheres.
